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Abstract 

Given a family of Laurent polynomials, we will construct a morphism between its (proper) 
Gaufi-Manin system and a direct sum of associated GKZ systems. The kernel and cokernel of 
this morphism are very simple and consist of free O-modulcs. The result above enables us to put 
a mixed Hodge module structure on certain classes of GKZ systems and shows that they have 
quasi-unipotent monodromy. Q 

Introduction 

At the end of the 80's Gelfand, Kapranov and Zelevinsky introduced differential equations, which 
are a vast generalization of Gaufi's hypergeometric equation and which are nowadays called GKZ- 
hypergeomctric systems. Since then GKZ systems found applications in many fields of mathe- 
matics like representation theory, combinatorics and in particular in the area of mirror symmetry. 
There it was found that the periods of some families of Calabi-Yau varieties are among the so- 
lutions of certain resonant GKZ systems. In another direction Adolphson and Sperber [AS 10] 
showed that a non-resonant, homogeneous GKZ system is isomorphic to a direct factor of a 
Gaufi-Manin system of a family of affine varieties. In this paper we compare the Gaufi-Manin 
system of a family of Laurent polynomials to GKZ systems which are not strongly resonant in 
the sense of |SW09j . A benefit of our approach is that we can endow these GKZ systems with 
the structure of a polarizable mixed Hodge module which enables us to prove that their (local) 
monodromies are quasi-unipotent. 

Let us describe the results of this paper in some more detail. Given a family of Laurent polyno- 
mials 



ifA-.Sx C" — > C Ao x 



(yi,...,y d ,Ai,...,A„) ^ {-^K J| yt ki , Ai, . . . , A n ) , 

i=l fc=l 

where S = (C*) d and A is a d x n matrix with integer entries (a^j), we associate to it the matrix 

(I 1 ... 1\ 



; A 



.4 



(0.0.1) 
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The GKZ system A4 ~ with respect to the matrix A and parameter vector j3 G C d+1 is a cyclic 
left 2?-module on the affine space V := Ca x C™. 

Denote by NA the semigroup generated by the columns of A. Assume for the moment that this 
semigroup is saturated, i.e. NA = R + A n Z d+1 and that TLA = Z d+1 . 

For each f3 G NA we will construct a morphism from the Gaufi-Manin system H°(tpA,+OsxC n ) 

of the family of Laurent polynomials ipA to this GKZ-system M. ~, the kernel and cokernel of 
which are free O-modules and can be described explicitly. This gives rise to the following exact 
sequences 

— > i?"" 1 ^, C) g> CxC - — ► ft Va,+0sxc») — > A4? — > i? n (S, C) ® Ocxc- — >• . 

By holonomic duality we will get for each j3 lying in the interior of NA a morphism from the GKZ 
system A4~ to the proper Gaufi-Manin system of tpA, which gives the following exact sequences 

<— ff„_i(5,C) ®0 C xc« <— H (^, t O5xC") <— Af / <— ff n (5,C) <g> C CxCn <— 0. 

It turns out that the two sequences above are global versions of the well-known long-exact se- 
quences for the (co)homology of the pair (S, V _1 (A ))i i- e if we restrict them to a generic point 
A° = (A°,...,A°)weget 

0—¥H n - 1 (S,C) — > JF , - 1 (¥>~ 1 (A°),C) — s> (^ _1 (A°),C) — #"(5, C) — s-0, 

<— ff„_i(5,C) «— fl^ftr^.C) <— ^(S^-^A )^) «— if„(S,C) <— 0, 

which are related by Poincare duality. 

Notice that the latter two exact sequences are not just exact sequences of vector spaces, but 
exact sequences in the category of mixed Hodge structures. A key feature of our proof is the 
fact that we can endow the GKZ systems above with a natural mixed Hodge module structure 
such that the first two sequences become exact sequences in the category of mixed Hodge modules. 

The construction of the sequences above goes back to the work of [GKZ90 who studied GKZ 
systems by looking at their Fourier-Laplace transformation. They proved that for a non-resonant 
parameter (3 the Fourier-Laplace transformed GKZ system is isomorphic to the direct image of 
the twisted structure sheaf Ory 13 under the torus embedding 

h : T ~ (C*) d+1 — > C n+1 , 

d d 

( V(h ...,y d )^(l[yf°,...,l[yf~), 

k=0 k=0 

This was further generalized by Schulze and Walther in |SW09) to parameter vectors (3 which are 
not in the set of strongly resonant parameters. It follows from a classification theorem of Saito 

[SaiOlj that the set of integer /3 for which h + Or — FL AW- holds is exactly the set NA and the 
dual statement hfOx — FL AW ~ holds exactly for f3 in the interior of NA. 

In order to relate this to the Gaufi-Manin system of tpA , we first observe that the fibers of ipA can 
be identified with hyperplane sections of a locally closed subvaricty of P™. To be more precise, 
consider the torus embedding 

g :S~ (C*) d — >F n , 

d d 

(Vi, ...,y d ) ( Mo : ... : ' H vT \\ vT") ■ 

k=l k=l 
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The intersection of S with a hyperplanc H x o, given by the equation X)"=o = Oj i s the 
subvariety in S given by the equation 

n n 

which is easily seen to be equal to the fiber of tpA at A . 

The Radon transform of a X>-module on P™ was defined in |Bry86| . Loosely speaking it mea- 
sures the restriction of the V- module to a hyperplane of P n parametrized by C ,l+1 . If one applies 
this transformation to the X>-modulc g+Os, the discussion above shows that its Radon transform 
is isomorphic to the Gaufi-Manin system of tpA- 

We use a comparison theorem of d'Agnolo and Eastwood |DE03j between the Radon trans- 
formation and Fourier-Laplace tansformation. Given a D-module AT on P™, its Radon transform 
is isomorphic to the Fourier-Laplace transform of a certain extension from C n+1 \ {0} to C™ +1 
of the inverse image of M under the quotient map tt : C n+1 \ {0} — > P n . Applying this to the 
©-module g+Os shows that the that the extension of n + g + Os to C n+1 differs from h + Or only 
at G C" +1 . But this shows that after Fourier-Laplace transformation the GauB-Manin system 

of <fA and the GKZ-system A4 ~ differ for j3 G NA only by free Oy-modules. 

If one drops the assumption that N^4 is a saturated semigroup the situation becomes more 
complicated. Given a family of Laurent polynomials tps, we only assume that the columns of B 
generate Q d over Q, i.e. QB = Q d . Denote by e = (ei, . . . , e^) G N d the elementary divisors of 
B and let A be the matrix constructed from B by setting all elementary divisors equal to 1. In 
this case we get again an morphism 

with constant kernel and cokernel, where the set I e depends on the elementary divisors of B. 

A key feature of the presentation of a GKZ system as a Radon transformation is the fact 
that any regular holonomic GKZ system with an integer parameter vector, which is not strongly 
resonant, carries a polarizable mixed Hodge module structure. This opens the door to a Hodge 
theoretic study of the GKZ systems. As an easy application we prove that the (local) mon- 
odromies of these systems are quasi-unipotent. 

Acknowledgements: I would like to thank Hiroshi Iritani, Etienne Mann, Thierry Mignon 
and Christian Sevcnhcck for useful discussions. Furthermore, I thank Claus Hcrtling and Claude 
Sabbah for their continuous support and interest in my work. I am indebted to Mutsumi Saito 
who pointed out to me that the proof of Proposition 1 1 . 241 follows directly from his work |Sai07j . 
I am also grateful to Uli Walther who answered me some questions related to his work jS W09] . 
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1 Preliminaries 



In the first two sections we will collect, for the reader's convenience, some facts about 2?-modules 
and mixed Hodge modules. In section 11.31 we review the Radon and Fourier-Laplace transfor- 
mations for (monodromic) 'D-modules and state a comparison theorem between these transfor- 
mations due to |DE03j . In section fOl we will give the definition of a GKZ system and state a 
theorem of Schulze and Walther |SW09j which expresses the Fourier-Laplace transformation of 
such a system as a direct image of a torus-embedding, when the parameter vector /3 is not in the 
set of so-called strongly resonant values. We will prove some basic facts of this set which will be 
essential in the following. We will also review a theorem of Walther |Wal07| on the holonomic 
dual of a GKZ-system and state some results on isomorphism classes of GKZ systems due to 
Saito [SaiOl] . 

1.1 P-modules 

In this section X is a smooth algebraic variety over C of dimension n. We denote by M(T>x) 
the abelian category of algebraic 2?x-modules on X and the abelian subcategory of (regular) 
holonomic D^-modules by MhiVx) (resp. (M r h(T>x))- The full triangulated subcategory in 
D b (T>x), consisting of objects with (regular) holonomic cohomology, is denoted by D b h (T>x) 
(resp. D b rh (V x )). 

Let / : X — >• Y be a map between smooth algebraic varieties. Let M £ D b (T>x) and N £ D h (XV), 

L L 

then we denote by f+M := Rf*(D Y ^x ® M) resp. fM := V X ->y <%> / (M) the direct resp. 
inverse image for P-modulcs. Notice that the functors /+,/' preserve (regular) holonomicity 
(see e.g., [HTT081 Theorem 3.2.3]). We denote by D : D b h {V x ) (D b h (V x )) opp the holonomic 
duality functor. Recall that for a single holonomic Djf-module M, the holonomic dual is also a 
single holonomic "D^-module ( |HTT08l Proposition 3.2.1]) and that holonomic duality preserves 
regular holonomicity ( [HTT081 Theorem 6.1.10]). 

For a morphism / : X —> Y between smooth algebraic varieties we additionally define the 
functors / t := D o /+ o D and /+ :=lo /t o D. 

Let i : Z — > X be a closed embedding of a smooth subvariety of codimension d and j : U — > X 
be the open embedding of its complement. This gives rise to the following triangles for M £ 
D h rh (Vx) 

i + iHl[-d] — >M — > j+i + M -±i> , (l.l.l) 

j f j + M — > M — )• i + i+M[d] -±4 . (1.1.2) 

The first triangle is |HTT081 Proposition 1.7.1] and the second triangle follows by dualization, 
where we have used that i + =i-f- 

We will often use the following base change theorem. 

Theorem 1.1 (Theorem 1.7.3). 'HTT081 Consider the following cartesian diagram of algebraic 
varieties 

Z-^W 

g' 9 
f 

Y — —^X 

then we have the canonical isomorphism f^g + [d] ~ g'+f'^id'], where d := dimK — dimX and 
d' := dimZ- dimW. 

Remark 1.2. Notice that by symmetry we have also the canonical isomorphism g'f + [d] ~ 
f+9 [d'] with d := dimVK — dimX and d! := dimZ — dimy. In the former case we say we 
are doing a base change with respect to f , in the latter case with respect to g. 
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Remark 1.3. Using the duality functor we get isomorphisms: 

f+g, [-d] ~ g\f + [-d>] and ,g+/ t [-d] ~ /( 5 ' + [-d>] . 

Remark 1.4. /// and /' are smooth maps with the same fiber dimension I, one can easily show 
that f+g+ ~ g' + f ,+ by using p = f+ resp. f X = /'+ (c.f. [BGK+87] VI, Corollary 9.14). 
(Notice that [BGK+87] uses shifted version for p resp. f + .) 

1.2 Mixed Hodge Modules 

In this section we introduce mixed Hodge modules and corresponding functors together with 
some of their properties through an axiomatic approach in the spirit of [PS08| . 

Let X be a smooth algebraic variety. We denote by D b (X, Q) the derived category of bounded, 
algebraic, constructible sheaves of Q-vector spaces and by Perv(X, Q) the heart of its per- 
verse i-structure. There exists an abelian category MHM(X) together with faithful func- 
tors rat : D b MHM(X) -> D b (X,Q) such that MHM(X) corresponds to Perv(X,Q) and 
Dmod : D b MHM(X) -> D b rh (X) such that for any complex M € D b MHM(X) we have the 
following comparison isomorphism 

(rat ® C) (M) 4 DR X (Dmod(M)) . 

The duality functor D lifts to D b MHM(X), also denoted by B, in the sense that ratoB ~ Oorat 
resp. D o Dmod ~ Dmod o D. 

For each morphism / : X — > Y between complex algebraic varieties, there are induced func- 
tors /»,/, : D b MHM(X) — ^ D b MHM (Y), f*,f : D b MHM(Y) D b AIHM(X) which are 
interchanged by B and which lift the analogous functors f+, p, f + [— d], P[d] on D b h (T>x) resp. 
Rf*,fuf~ X ,f on D*(X), where d := dimX - dimF. 

Recall that by |Sai90j (4.4.3) the base change theorem above holds also in the category of alge- 
braic mixed Hodge modules. 

Let <Qp t be the unique mixed Hodge structure of weight with GrY = for i ^ and underlying 
vectorspace Q. Denote by ax ■ X — > {pt} the map to the point. We define := a x Qp t . 

1.3 Radon and Fourier-Laplace Transformations 

For the reader's convenience, we recall in this subsection some definitions and general facts 
about Fourier-Laplace and Radon transformations for X>-modules. Let X be a smooth algebraic 
variety, V be a finite-dimensional complex vector space and V its dual vector space. Denote 
by E' the trivial vector bundle r : X x V' —> X and by E its dual, with fiber coordinates 
fx = ([lo, • ■ • , /i n ) resp. A = (Ao, ■ • ■ , A n ). Let (•, •) be the standard euclidean pairing with respect 
to these coordinates. 

Definition 1.5. Define C := V EIXxE e' { ^'- ) and denote by p x : E'x x E -> E 1 , p 2 : E'x x E E 
the canonical projections. The Fourier- Laplace transformation is then defined by 

FLx(M) := P2+(p+M |> C) M e D b h {V' E ). 

If X is a point we will simply write FL. In general, the Fourier-Laplace transformation does 
not preserve regular holonomicity. But for the derived category of complexes of 2?-modules with 
monodromic cohomology, regular holonomicity is preserved. Let 9 : C* x E' — > E' be the natural 
C* action on the fiber V and let z be a coordinate on C*. We denote the push-forward 6*(zd z ) 
as the Euler vector field (£. 
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Definition 1.6. \Bry86^ A regular holonomic T>e' -module M is called monodromoic, if the Euler 
field l£ acts locally finite on t*(M), i.e. for a local section v o/r*(M) the set <B n (y), (n G N), 
generates a finite- dimensional vector space. We denote by D b mo J(DE'} the derived category of 
bounded complexes of T> e' -modules with regular holonomic and monodromic cohomology. 

Theorem 1.7. \Bry80j 

1. FL preserves complexes with monodromic cohomology. 

2. In D% non (T>E') we have 

FL o FL ~ Id and D o FL ~ FL oD . 

3. FL is t-exact with respect to the natural t-structure on D b non {T)E') resp. D b non (T>E). 

Proof. The above statements are stated in |Bry86] for constructive monodromic complexes. 
One has to use the Riemann-Hilbert correspondence, |Bry86| Proposition 7.12, Theorem 7.24] 
to translate the statements. So the first statement is Corollaire 6.12, the second statement is 
Proposition 6.13 and the third is Corollaire 7.23 in |Bry86| . □ 

Remark 1.8. By Proposition 7.12 of \Bry86j a complex in D b mon (T>E') corresponds to a complex 
of sheaves of ^-vector spaces with constructible, monodromic cohomology, where we call a sheaf of 
C-vector spaces monodromic if it is locally constant along the orbits of the C* -action on the fibers 
of E' . Let tte 1 '■ E' \ Oe' P(J5') be the projectivization of E' , where 0e> is the zero section of 
E' . This characterization shows that a complex M 6 D^ non (T>E') is monodromic if its restriction 
to the complement of the zero section is isomorphic to tt~^/N for some N € D b h {T> r ^ E '))- 

The second main tool that we will use later are variants of the so-called Radon transform. On 
the level of "D-modules the Radon transform was discussed by |Bry86| and its variants were later 
discussed by |DE03j . 

Consider the following diagram 




where we denote by Z the hypersurface given by the equation J^"_ = and by U its 
complement in P(V') x V . The Radon transformation is a functor TZ : D b h (T> v ryn) — > D b h (T>v) 
given by 

K(M) := tt# + (Tif )+M ~ 7T 2+ i z+ i+ tt+M , 
its variant TZ° : D h rh {V r( y,)) — > D b rh {V v ) is defined by 

TZ°(M) := t# + (7rf)+M ~ ir 2+ 3u+jW M . 
together with a compact version TZ° : D b h ('D r (y')) — > D b h (T>v) which is defined by 

K(M) := 4 {n?)+M ~ 7T 2+ j m J+7T+M . 
Finally we introduce the transformation TZ cst ■ D b rh {V V {y')) — > D b h (T>v) which is defined by 

TZ cst {M) :=7r 2+ (ttO+M. 
Notice that the various Radon transformations give rise to the following triangles: 



Proposition 1.9. Let M G D b h (T>pty)) , we have 



n{M)[-i] — ► n cst {M) — > 7e°(M) 



+1 



TZ°(M) — > ft cst (Af) — > ft(M)[l] ^> , 
where the second triangle is dual to the first. 

Proof. The first triangle follows from the adjunction triangle ([1.1. 1[) and the second from the 
triangle (|1.1.2p . □ 

The following proposition relates the Fourier and Radon transformations introduced above, and 
will be quite useful in the next chapter. 

Proposition 1.10. fDEOA Proposition 1] Let V be a C-vector space, V' its dual space, p : 
Blo(V) := V(0p(y/)(— 1)) — > V the blowup of V' at the origin, and consider the following 
diagram 

V 




.... FL 



Bl (V')« V'\{0} k° c) 

\ . ■ ■ ' ff 

F(V) ■"'■'^•(o.t) 

Let M G D^^Dpryi)) . Then we have 

K(M) ~ FL(p+q+M) , 
n° c (M)~FL(j + 7r + M), 
n°{M) ~ FL(j t 7r+A/) . 

We can dehne the various Radon transforms also in the derived category of mixed Hodge modules. 
Define *K : D b MHM{¥{V')) — » D b MHM (V) by 

*ft(M) := Trf^Trf )*M ~ 7r 2 *iz*i|<M 

and *7£ cst : D b MHM (P(V')) -> D b MHM(V) 

*n cst {M) ~n 2 *n*M. 

Notice that unlike in the category of P- modules *TZ and *7<!. cs t commute with the duality functor 
D only up to shift and Tate twist. We therefore define [ K : D b MHM(V(V')) — >• D b MHM(V) 

■TZ{M) :=Do*7eoD(M) ~ Trf^Trf ) ! Af ~ t^z*^!^ 

and ! 7e cst : D b MHM (P(V')) — >■ D b MHM(V) 

■K cst {M) :=lo *7e cst o ID) (71/) ~ 7r 2 *7r- M . 

Finally we define : D b MHM(¥{V')) -> D b MHM(V) by 

*7£°(M) := 7rg(7rf )*(M) ~ ^m3*uK{M) 

and ! 7e° : D b MHM(P(V) -> D b MHM(V) by 

! ft°(A/) :=Do'R;oB (A/) ~ 7r£(7rf )'(M) ~ jr 2 *jWW (M) . 

Using these definitions we get the triangles equivalent to Proposition II .91 
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Proposition 1.11. Let M G D b MHM(P(V')), we have the following triangles 

■k{m) — ► -n cst {M) — > -±V, 
*ft°(M) — ► *n cst {M) — ► *ft(M) -±4 , 

where the second triangle is dual to the first. 

Proof. The proof is the same as in Proposition 11.91 using ISai901 (4.4.1)]. □ 
1.4 GKZ Systems 

Definition 1.12 ([GK Z90j . |Ado94| ) . Consider a lattice 1 d and vectors g L1 , . . . ,a n G Z d which 
we also write as a matrix A = (a L1 , . . . , a n ) ■ In the following we assume that the vectors a 1; . . . , a„ 
generate % d as a "L-module. Moreover, let f3 = . . . , (3d) £ C d . Write L for the module of 
relations among the columns of A andT>c n f or the sheaf of rings of algebraic differential operators 
on C n (where we choose Ai, . . . , A„ as coordinates). Define 

M A := 2W ((□Oiet + (E k - p k ) k =i,...d) , 

D l ~ 11,:/.::'^' 11,:/ O^A , 

-Eft := EILi a ki^id\i ■ 

M A is called a GKZ system. It is a holonomic T> -module by \Ado94[ Theorem 3.9]. 

As GKZ systems are defined on the affine space C n , we will often work with the D-modules of 
global sections M A := T(C n ,M A ) rather than with the sheaves themselves, where D is the Weyl 
Algebra C[A X , . . . , A„] (d\ 1 d\ n ) . 



1.4.1 Fourier-Laplace transformed GKZ-systems 

Denote by 

d 

NA := {5] 7jfij e Z d | ( 7 i)i=i,..,d G N d } 

i=l 

the semigroup built by the columns of A seen as elements in Z d . The semigroup ring associated 
to the matrix A is Sa '■= C[NA| ~ R/Ia, where R is the commutative ring C[d\ 1 d\ n \, I a is 
the ideal 

l A = {a b leU. 

and the isomorphism follows from [MS051 Theorem 7.3]. The rings R and Sa are naturally 1 d - 
graded if we define deg(d\ j ) = — for j = l,..,,n. This is compatible with the Z d -grading of 
the Weyl algebra D given by deg(Aj) = a- and deg{d\ j ) = —a-. 

If we do the substitution d\ i i-> /Uj, the ideal 7,4 goes over to an ideal I a C C[/xi, . . . , /i„]. By 
definition of L as the module of relations of A, we have the following isomorphism 

C[NA] ~C\pt 1 ,..., f i fl ]/I A . 

Furthermore, we have a ring homomorphism 

C[/ii,...,/i„]//A — > C[yf,...,yf] , 

d 

IM ^ f ■= II vT ■ 

k=l 
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If we define Y' := Spec (C[NA]) and T' := Spec (C[yf, . . . , y d ]), this gives rise to the following 
maps 

T'Ay'^C", (1.4.1) 

where k is an open and I a closed embedding. The fact that k is an open embedding follows 
from the assumption that the Oj generate Z rf and the definition of I a, which gives the following 
isomorphism, obtained from the ring homomorphism above: 

C[ f it,..., f it]/lA^C[yf,... > y±}. 

Because of the discussion above the hypergeometric system M A can be seen as the total Fourier- 
Laplace transform of a V- module which has support on Y' . In [SW09 it it shown that FL(A'l^) 
is isomorphic to (I o k)+Or'y^ for certain (3 € C d , where we denote by the T>- module 

Vt'/Vt- ■ (yid Vl - /3 X , ... , y d d Vd - /3 d ) . 

Definition 1.13 ( MMW05 Definition 5.2). Let N be a finitely generated Z d -graded R-module. 
An element a £ Z d is called a true degree of N if N a is non-zero. A vector a G <C d is called a 
quasi-degree of N, written a € qdeg(N), if a lies in the complex Zariski closure qdeg(N) of the 
true degrees of N via the natural embedding TL d C d . 

Schulze and Walther now define the following set of parameters: 

Definition 1.14 ( [SW09] ). The set 

n 

sRes(A) := (J sRes^A) 

3 = 1 

is called the set of strongly resonant parameters of A, where 

sRe Sj (A) := {f3 G C d \ f3 e -(N + 1) % - qdeg(S A /{d Xi ))}. 

The condition on j3 for FL(A^^) being isomorphic to (I o k) + Ox'y^ is now the following: 

Theorem 1.15 f [SW09j Theorem 3.6, Corollary 3.7). Let NA be a positive semigroup, meaning 
that is the only unit in NA. Then the following is equivalent 

1. Pi sRes{A). 

2. M\ ~FL((lok) + T >y p ). 

3. Left multiplication with is invertible on for i = 1, . . . , n. 

In the next step we want to characterize the set sRes(A). For this we have to understand the sets 
qdeg(SA/{d\ )) for j = 1, . . . ,n. We use the following definitions and notations of |MMW05j . A 
face of A is a set of columns of A minimizing some linear functional on NA C Z d . Let Sf be the 
semigroup ring generated by F, then a Z d -graded i?-modulc M is called toric if it has a toric 
filtration 

= M c Mi C . . . C Mi-i C Mi = M , 

meaning that, for each k, Mk/M^-i is a Z d -gradcd translate of Sp k for some face Fk of NA, 
generated in degree — a/., which will be denoted by SF k (ctk)- 

Now by example 4.7 in MMW05 one easily deduces that the Z d -graded rings Sa/ (dj) are toric 
for j = 1, . . . ,n. 

The toric filtration 

= Ml c M{ C . . . C M[. = S A /(d X] ) (1.4.2) 
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with M[/Ml_ 1 ~ SF k j ( a k,j) gives us the following decomposition of the degrees 

h 

deg(S A /(d Xj )) = (J deg(S Fkt] (a kJ )) 

k=l 

resp. of the quasidegrecs 

h 

qdeg(S A /(d X] }) = [j qdeg(S Fk Ja^)) (1.4.3) 
k=l 

of SA/(d\j), where only faces S*F fc j occur which do not contain g L j. The quasi-degrees of an 
Z d -graded R- module Sf, where F is a proper face of NA, are just the C- linear span of F, which 
we denote by CF. (Here we use the embedding Z d t —t C d ). Thus the quasi-degrees of SaHOxj) 
are just finite unions of translates of the linear subspaces CF^j. 

The following lemma shows that a translate of the cone R+A does not meet the set of strongly 
resonant parameters. (Notice that the following lemma with 8a = is stated in Corollary 3.8 of 
|S W09| . but not proven. An easy counterexample of their claim is provided by A = (2,5).) 

Lemma 1.16. Denote as above by sRes(A) the set of strongly resonant vectors f3. There exists 
5a £ NA such that 

(R+A + 5 A ) n sRes(A) = 

Proof. Choose some non-zero vector a' in the interior of NA, i.e. in NAn(R+-A)°. As we assumed 
that NA is a positive semigroup, the set R+A is a strongly convex cone in R d . We noticed above 
that qdeg(Sp) is the C-linear span of the face F, therefore we can conclude that 

R+A + a' + a kij n -qdeg(S Fh j (a k ,j)) = 

where we have used —qdeg(Sp k ji&kj)) = ~qdeg(SF k j) + &k,j- As every a J: fc for j = 1, . . . , d 

and k = lies in NA, the element a" := J2'j=iJ2k=i a k,j a l so ues m Now set 

5a ■= a 1 + ct". We have K + ^4 + 5a C R+A + a' + otkj and therefore 

R+A + 8 A n -qdegiSA/id^)) = . 

As — dj lies in — NA this shows that 

R+A + 5 A n -qdeg{S A /{d X] )) - (I + l)oj = 

for every I € N and therefore R+A + 5a H sReSj(A) = 0. As this is true for every j = 1, . . . , d, 
this shows the claim. □ 

The lemma above can be improved in an important special case. We call the semigroup NA 
saturated if 

NA = Q+A n Z d . 
Lemma 1.17. Let NA be a saturated semigroup then 

R+AnsRes(A) = 0. 

Proof. First notice that because N^4 is saturated the true degrees of Sa form exactly the set 
— NA Now observe that a monomial P in Sa is non-zero in SA/{d\ j ) if and only if degP + aj is 
not in -NA 

As we observed above qdeg(Sp) is the C-linear span of a face F of NA (and with that also the 
C-linear span of the face — F of — NA). If aj ^ F consider the finite set 

I F ,j ■■= {t € [0, 1) | {qdeg(S F ) - t ■ a s ) fl {-NA) + 0} . 
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The set 

V o ■■= U U 1 de 9(S F ) -t- aj = (J (J CF - 1 ■ aj 

F-.a^F t£l FJ F-.ajgF t£l F j 

is Zariski-closed and contains the degrees of Sa/ (dx^ and therefore qdeg(SA/ C Vj. Look- 
ing now at the definition of sResj(A) we see that 

sRe Sj (A) = {fi | fi G -(N + IK - gde 5 (5 A /(5 A3 ))} C |J -(I + l) 0j - Vj . 

But we clearly have M + A n IJieN + !) a j _ ^S) = $ and therefore IR+A n si?eSj (A) = 0. 
This shows the claim. □ 

Using the Lemma fl . 161 above one easily sees that there exists a (non-unique) (3a £ 5a + Q+A(~lZ d 
such that := (3a + ([0, l) d n Q d ) is contained in <5^ + Q+A. The following lemma shows that 
this set $a can be considered as a fundamental domain for rational (3 which arc not strongly 
resonant. 

Lemma 1.18. Let (3 G Q d with (3 £ sRes(A), then there exist a f3' e^A such that M A ~ M A . 

Proof. Notice that there exist a a G Z d so that /3 + a G 3U- We have 

FL M A ~ (fc o J) + o£, ~ (jfe o ~ FL(A^ +Q ) , 

where we have used that Ot'U^ — OT>y^ +a ■ Setting (3' := (3 + 7 shows the claim. □ 

In the rest of this section we will consider special types of GKZ-system. Let ^beadx n-matrix 
with ZA = Z d . We define a d + 1 x n + 1-matrix 

/ll ... 1\ 



A = ■ A ■ 

Vo / 

We will consider the GKZ-system A-l ~ with /3 = (fio, ■ ■ • , fid) G C d+1 and denote the coordinates 
of the underlying space as Ao,^. ■ , A m . 

Notice that the semigroup NA is always pointed, thus every statement above applies to these 
kind of matrices. 

Later we will need the following lemma. 

Lemma 1.19. Let A be a d x n integer matrix with ZA = Z d . If fi £ sRes(A), there exist a 
Tip G Z such that fi = (fio,fi) £ sRes(A) for all fio G Q with fio > np. 

Proof. Fix a fi G Q d . At first we prove that there exists an np G Z 1 s.t. for fio > np the element 
(fio,fi) £ sReso(A). For this we have to compute the quasi-degrees <Q d+1 r\qdeg(S A /d\ ). Recall 
that Q d+1 n qdeg(S A /d\ a ) is a finite union of translates of Q-lincar spans of faces of Q+A which 
do not contain a = (1,0,..., 0) (cf. (|1.4.3|l ). Thus we can find an np G Z so that for every 
fio > n (s the clement (fio,fi) £ sReso(A). 

Now assume additionally that fi ^ sResj(A) for some j G {1, . . . , n}. Recall that this means 

0£ -(K+lfej-qdegiSA/dx,). 
Notice that qdeg(S A /d\ j ) cQx qdeg(SA/d\ j ). But this means 

sResj(A) = — (N + 1)^ - qdeg(S A /d Xj ) 

C -(N + 1)(Q x % ) - (Q x qdeg(S A /d Xj )) 
= Q x si?es i (A) . 
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But this means that (Pq,P) ^ sResj(A) for any Pq £ Q- Summarizing we have shown that if 
P ^ sRes(A), then (/3o,f3) ^ si?es(A) for any ft 6 Q with /3 > np, but this shows the claim. □ 

1.4.2 Isomorphism classes of GKZ-systems 

As a next step we want to describe isomorphism classes of GKZ systems M. ~, i.e. given a p, 
we want to determine for which /3' the GKZ-systems MP and M. ~ arc isomorphic. The first 

important observation is, that a necessary condition for this isomorphism to hold is 0-/3' £ Z d+1 
[SaiOll proposition 2.2 1.]. In the following we denote by (Q+A)° the set Q + An (K + A)° where 
(R+A)° is the topological interior of R + A C R d+1 . 

Lemma 1.20. 

1. Let /3, /?' g -(Q+A)°, then ~ .M? i/ and oniy ifP~p'£ ZA. 

2. Let /3, /?' £ + Q+2, i/ien At| ~ «/ and onfy ifp-p'e TLA. 

3. If NA is saturated and p, p' g Q + A, iraen .M 1 ~ M^' if and only if P - P' g ZA. 

Proof. The first point follows from |Sai01j Corollary 2.6. The second resp. third point follows 
from Theorem 11.151 and Lemma \1 . 1 61 resp . Lemma Tl. 171 □ 

Later we will be especially interested in the case P £ 1 d+1 . We need the following definitions of 
|Sai01j . Let a be a facet of Q+A, i.e. a codimenion one face. To each facet we associate a unique 
primitive, integral support function F„ satisfying the following properties 

1. F a {1A) = Z, 

2. F a (aj) >0 for all j = 0,...,n, 

3. Fuiaj) = for all aj g a. 

We state a special case of a classification theorem of [SaiOlj . 

Theorem 1.21. \Sai01[ Theorem 5.2] Let NA be saturated and P, P' g Z d+1 . Then M?~ ~ 
i/ and onZi/ i/ 

{o-\F a {p)eN} = {a\F a {P')eN}. 

1.4.3 Holonomic duals of GKZ-systems 

In this section we want to present results of Walther on the holonomic duals of GKZ-systems. 
Takayama's conjecture states that the holonomic dual of a GKZ-system is again a GKZ-system. 
Walther showed that this is in general wrong, but it is true for generic parameters p. 

Theorem 1.22. lWaW7\ Theorem 4-8] For all A there is a Zariski open subset U C C d+1 of 
parameters such that H>A4 ~ is isomorphic to M.-^ A ' for all P g U. 

Here e x , is the sum of the columns, seen as elements of Z d+1 of a matrix A', where A' is a matrix 
which generates the saturation of NA. In particular cj, is in Q + AnZA. We deduce the following 
statement from the theorem above. 

Proposition 1.23. Let 5? £ NA as in Lemma \1.16\ and P £ 5 j + M.+A. Then 

A A 

for all k £ Z d+1 for which —p + k £ —(R+A) holds. IfNA is saturated, the theorem holds with 
8 X = 0. 
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Proof. Let /3 e 6% + R + A. There exists an a G Z d+1 such that l3 + aeUDS^ + K+A We have 
the following isomorphisms 

©A^ ~ BM\ +a ~ M~/~ a ~ ex ' * M~J + " 

AAA A 

for all 7 G with — + 7 G — (R + A)°. The first isomorphism holds because of Lemma H .201 

2. and the last isomorphism holds because — j3 — a — e G — (M + ^4)° and Lemma Tl. 201 1. . The 
last statement follows from Lemma ll.201 3. . □ 

1.4.4 Morphisms of Hypergeometric Systems 

We need still another fact of the theory of hypergeometric systems M. ~. 

Let (3, ft' G C d+1 so that /3 — /?' G NA. There is the following rigidity result for morphisms 
between such GKZ-systems. 

Proposition 1.24. Let ip : X~ — ► M 1 ^ be a non-zero T> -linear morphism, then (up to multi- 
plication with a non-zero constant) tp is given by right multiplication with d^~^ . 

Proof. In the course of the proof we will work with the modules of global sections instead of 
the P-modules themselves. First notice that ifj is determined by the image of [1] G M~ because 

M% is a cyclic left D-module. Let P G D so that ip([l]) = [P]. Define for k 6 C d+1 the 
C[\ d\ , . . . , A„9A„]-module 

(m|) s := {[Q] G Ml I (E k + n k ) ■ [Q] = for all* G {0, ... , d}} . 

From lSai071 Chapcr 4] follows that there exists the following C[Xod Xo , . . . , X n d Xn ] -module iso- 
morphism for j3 + k G NA: 

d 

C[X d Xo ,...,\ n d Xn }/J2( E k + Kk)C[\ d Xo ,...,\ n d Xn ] — > (M|) s (1.4.4) 

fe=0 

g(Xd x ) := g(X d Xo ,. . . , X n d x J ^ g{Xd x )d~^ 

In order that ip is well-defined, we must have [P] G (M~)_^, . Therefore P can be chosen to 

be in C[A <9 Ao , . . . , X n d x Jd^' . We will write ^([1]) = [f{Xd x )d^'\ for short and compute the 
image of = d l — d l 

Q = iP{[d r -d l+ }) 

= (d r -d l+ )- v>([i]) = (d r - d l+ )[f{Xd x )d^'} 
= [(f(Xd x + i-)d r - f{Xd x + i + )d l+ )d^'] 
= [{f(Xd x + r) - f(Xd x + i+))d l+ d^'\ 

e(M|) A+ _^, (1.4.5) 
where Al + G Z d+1 with fc-th component (Al + )k := $3£=o ®ki{l + )i- Because of (|1.4.4[) we have 

d 

f{xd x + r ) - f(xd x + 1+) g Y,( E ^ + - ^)C[A a Ao , . . . , x n d Xn ] . 

k=0 

Notice that for a relation I G N n+1 we have 

d 

f(xd x ) - f(xd x +i)e J2( E * - ^)c[A a Ao , . . . , x n d Xn ] . 

k=0 
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The statement above is a statement in a commutative ring. For better readability we set Xi = 
Aj^Ai) then the statement above can be expressed as (recall that E k = TM—( j O'ki\d\ i ) 

d 

/(z)-/(x + 0e£((I-x) fc -^C[s]. 

fc=0 

Because the columns of A generate Z d+1 , i.e A has full rank, we can find a 7 6 C d+1 with 
A ■ 7 = /3'. Thus we have 

/(7)-/(7 + = 0- 

Since / is a polynomial this means that / has constant value f(j) one the affine subspacc 
7 + kei(A). But this means 

d 

f( 1 + x ) & f( 7 )+J2(A-x) k C[x], 

resp. 

d 

f{x)ef{ 1 ) + Y J ((A.x) k ~p l k m- 
If we substitute Xd\ back, we get 

m}) = [p] = if(xd x )d^'} = [/( 7 )^-^'] , 

where we have used (E k - /3[.)<9' 3 -' 3 ' = ' (E k - f3 k ). This shows the claim. □ 
1.4.5 Characteristic varieties of GKZ systems 

Let A be the d+ 1 X n+1 matrix as above. Let Q be the convex hull of 5o, ■ ■ ■ , a n in R d+1 . Notice 
that Q C {1} x IR d and therefore no face r of Q contains the origin. Adolphson characterized 

the characteristic variety char(M l3 ~) of the GKZ system M ~ as follows. Let T*V ~ V x V be 
the holomorphic cotangent bundle with coordinates (Ao, . . . ,\ n , (j®, . . . , (i n ). Dchne the following 
Laurent polynomials on (C*) d+1 

n 

fxAy) ■■= E A # • 

where we define y-> := Hfe=o 2/fc fci - 

Lemma 1.25 ( Ado94 Lemma 3.2, Lemma 3.3). 

1. For each (A*- -*, /i*- -*) £ char(A4^) there exists a (possibly empty) face T such that fj,j ^ 
if and only ifHj £ L. 

£. If)S ^ is a singular point of M. ~ aniiF £/ie corresponding (non-empty) face, then the Laurent 
polynomials df X {o) r /dyo, . . . , 5/ A( o) r/dy n have a common zero in (C*) d+1 . 
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2 Families of Laurent Polynomials and Hypergeometric T>- 
modules 



In this section we will prove the relationship between the GauB-Manin system of a family of 
Laurent polynomials and a certain direct sum of hypergeometric systems. 

Let Bbearfx n-matrix, where we denote the columns by b x , . . . , b n . We assume that the columns 
of B generate Q d . We associate to this matrix the following family of Laurent polynomials 

ip B : S x W — > C Ao x W , 

n 

(y 1 ,...,y d ,X 1 ,...,X n ) i-> (-^A l y-',Ai,...,A„), 

t=i 

where S := (C*) d , W := C™. 

We will construct a morphism with 0-free kernel and cokernel between the Gaufi-Manin System 
H°((pB+Osxw) an d a direct sum of GKZ-systems. We will first reduce to the case where the 
columns of the matrix B generate Z d . 

Using the Smith normal form we can write B as 

C ■ Di ■ D 2 ■ M 

with C = (c l5 . . . ,c d ) G Gl(d x d, Z), M = (m l5 . . . ,m n ) € GL(n x n, Z) and 



D 1 D 2 = 



( ei 



V 



1 



Hence the family of Laurent polynomials can be factored into an isomorphism 

iJi^xiy — >5xW, 
(yi,...,y d ,Xi,...,X n ) ^ (y-i,...,y-i,X 1 ,...,X n ) 

followed by the family of Laurent polynomials associated to the matrix B' = (&i, •••,&„) 
D 1 -D 2 -M; 



itJi 



(p B > ■ S x W — »• C Ao x W , 

n 

,yd,Xi,...,X n ) h-> (-^A 4 y-',Ai, 



An) • 



We state the following lemma for further reference. 
Lemma 2.1. Let the matrices B,B' as above. Then 

<Pb,+Osxw — <Pb\+Osxw ■ 

Proof. This follows from -d + Osxw — Osxw- d 

Let A := D 2 ■ M and set A := (sqiSii • ■ • 5 a n ) w hh a := (1,0) and Sj := (l,fi,-) for i = 1, . . . ,n. 

Consider the following maps 

7r e : S — > 5 
. . . , i-> (yj 1 , . . . ,^ d ) 
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and 



9 '■ S — > P" , 

{ yi ,...,y d )^(l:y^ :...://'• ), (2.0.6) 



and define g e := g o 7r c 



In order to construct the morphisms between the (proper) GauB-Manin system of Lp B rcsp. 
ifB' and the direct sum of GKZ-systems, consider the following exact triangles in D^ h (V) from 
Proposition II .91 



K(g e f O s )[-l] — > K^Cff? O s ) — ► ^°( 5t e O s ) ^> (2.0.7) 

7^( ff ; Os) — > rc«tG£ o s ) — > rc(<4 o s )[i] ^> , 

where Os '■= a^Opt- In the following pages we will calculate each term of the triangles above. 
Consider the following maps 

7r e : T — > T 

(yo,yi,...,Vd) H> (yo,yt 1 ,---,vT) 

and 

h : T — > V' 
{y ,...,y d ) ^ (y^,...,y^), 

where T ~ (C*) d+1 , V ~ C n+1 and ft- corresponds to the map p.4.1[) associated to the matrix 
A Define h e :=hon e . 



These maps give rise to the following diagram, where the lower square is cartesian and the upper 
left triangle is commutative. 




Bl (V) 



■P(V') 



Here, the maps tt and ttt are the canonical projections and j is the canonical inclusion. Finally 
p : Bl (V) — > V is the blowup of e V and q : Bl (V) C P(V') X V — > P(V) is the 
projection on the first factor. 



In the next lemma we compare various 2?-modulcs constructed from the D-modules Os resp. 
Ot '■= a^Opt, living on the d-dimensional torus S resp. d + 1-dimensional torus T. 

Lemma 2.2. 

1. The functors h e + and are exact. 

2. We have isomorphisms 

j+rr+glOs * h\Q T , 
3^+g^Os - K$O t , 
in the category of monodromic, T>-modules on V' . 
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3. The (shifted) T)-modules h+Ox and h^Ox are monodromic on V' = C' i+1 . 
Proof. 

1. Recall that h e = h o ir e . The exactness of h+ follows from the fact that the map h is an 
affine embedding and from jBGK + 87l VI, Proposition 8.1]. The exactness of tt^_ follows 
again from jBGK + 87l VI, Proposition 8.1] and the fact that tt 6 is quasi- finite. This shows 
the exactness of h+, the exactness of follows by duality. 

2. To prove the second point, observe that the following diagram is cartesian: 

T 1 V' \ {0} 



5- — £*.p(y). 
Using base change with respect to it (cf. Remark 1 1.4)) we get 

where we have used that ir^ Os — Ot- 
From this follows 

h+0 T j+h+Or j+K+g+Os . 
The second isomorphism follows by duality and the fact that tt^ = ir + . 
3. The fact that h+Ox and K\Ot are monodromic follows from the isomorphisms in (2) and 



Remark Ol 



□ 



In the next proposition we compare the direct image of OsxW under tp^ with the Radon transform 
of g+Og. Here and in the following we will identify V with Ca X W. 

Proposition 2.3. 

1. Let ifiA ■ S x W — y <C\ x W be the family of Laurent polynomials defined above. Then we 
have the following isomorphisms in D b rh (T>y) 

K(g e + Os)^VB',+0 Sx w, 
TZ(g^Os) ~ <pb>a®sxw ■ 

2. There are isomorphisms 

H l (TZ cst (g e + O s )) * H d+l (S, C)®O v , 
H l (n cst (g e f O s )) * H d -i{S, C)®O v . 

in D b rh (V v ). 

3. There are isomorphisms 



ll c (g e + Os)^FL(h e + T ) 
Tl°(g^O s )~FL(h e i O T ) 



in D b rh (V v ) 
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Proof. 1. Consider the following diagram, where the square is cartesian 

s x w - — — »- v 

»7 Trf 

5- — Cp(V) 

The hypersurface Z in P(V') x V is given by J27=o = ^ anc ^ ^ * s * ne n bered product 
of S and Z. The map ,g e : S -> P(V) is given by 

.g e = 5 o^: S^P(0, 
( yi ,...,y d )^(l:/i 

Thus r is the smooth hypersurface in S x 1/ given by Ao + Yn=i ^ilft = 0- Notice that we 
have an isomorphism i:Sxff — >• T given by 

n 

(yi, ■ • • , Vd, Ai, • . . , A n ) i-> (i/i, . . . , y d , - ^ ^Vr' , Ai , . . . , A„) . 

i=l 

We have 

fcGftOs) ~ tt| + (vrf )+ 4 O s ~ 7rf +K+ ?/ + O s 
by base change with respect to the map 7rf and Remark 1 1.4 1 

Notice that 7rf o n o i = </? S / by the definition of T. Using the fact that ?y + Os — i+Osxw, 
we obtain 

K(g%Os)2itpB>,+ Osxw- 
The second statement is just the dual statement of the first. 
2. Consider the cartesian diagram 

P(V) x V 




We have 

^ csf (3+Os) - 7T2+ ^g+Os - ay ap+ g+O s oi a+a s+ O s 
by base change with respect to ay and Remark H~4l We get 

H l K cst (g e + O s ) # d+i (S, C) <g> 0y . 

For the second statement we have lZ cs t(g^) — dyasfOs, which gives 

H l K cst (g^O s ) si H* +i (S, C) ® 0y ~ ff d -i(S, C) ® CV , 

where the last isomorphism follows from Poincare-Verdier duality. 

3. The first statement follows from the second isomorphism in Proposition 11.101 and 12.21 (2). 
The second statement is again the dual of the first. 

□ 



18 



Recall the following triangles in D^. h (V) from above: 

TZ(g e f O s )[-l] — > K cst (g e f O s ) — > 7e°(g t e O s ) -A, (2.0.8) 

rc°( g ; o s ) — ► rc cst ( 5 ; Os) — ► ^(. 9 ; o s )[i] -±4 . 

Using Proposition 12.31 this will enable us to extract information about the cohomology of the 
(proper) direct image of ips 1 - 

Proposition 2.4. Let ips' '■ S x W — > V be the family of Laurent polynomials defined above. 

1. H k (<p B ',+0 SxW ) = for k i \-d + 1, 0] and U k {(p B ',iOs x w) = for k $ [0, d - 1}. 

2. r H k ((p B ',+Osxw) is isomorphic to the free O v -module H d - 1+k (S,C) ® O v for k e [~d + 
1,-1] and 

T-L k {<fA,^Osxw) is isomorphic to the free Ov -module Ha-i-k{S,C) <3 Ov for k e [1, d— 1], 

3. There are the following exact sequences in M r h{T)y): 

0— >JT , - 1 0S,C)8>O v — ► H (<pb>,+O SxW ) -^FL(h c + T ) H d (S,C)®O v — >0, 
— > H d (S, C) ® Oy — > FL(/i|Ot) — ► H (v3 B / : |O SxM /-) — ► Hd-i(S, C) ® Oy — ► . 

Proof. Notice that we have 

H l K°(g L + O s ) £ii ?f FL(^O t ) =0 for i ^ , (2.0.9) 
H l lZ°(g e f O s ) -WFF{h^O T ) = for i^0, (2.0.10) 

by Proposition 12.3( 3). the exactness of h e + resp. hi (cf. Lemma |2~27 D) and the exactness of the 
Fourier-Laplace transformation. Additionally the following holds: 

Tl{g e + O s ) ~ ^, + Sxl y € D^°(2V) , (2.0.11) 
K^Os) s pn/.t^W G £>4°(X>y) , (2.0.12) 

where the isomorphisms hold by Proposition 1 2 . 3f 1 ) and the statement about the cohomology of 
tpB' ,+Osx.w holds because tpB' is afhne and therefore <Pb',+ is right exact. The claim about the 
cohomology of (p B '^OsxW follows by duality. 

Now we take the long exact cohomology sequence of the two triangles in (|2.0.8p . For the first 
triangle we get 

— > U-^HcaiaXOs)) — ► U\n{g e + O s )) — ► U\K° c {g e + O s )) — > H°(^ cst (.g;O s )) — > 
and 

H i - 1 (^ cst ( 5 ;Os))^« i (^Os)) for t<-l, 
because of (|2.0.9p and (|2.0.1ip . For the second triangle we get 

o -> H°(^ cst ( fft e o s )) H°(r( ff fo s )) H°(7e( fft e o s )) -> n\K Ba t{$Os)) -> o 

and 

H ! (^( fft e Os))-H l+1 (^ cst ( 5t e O s )) for »>1, 

because of (|2.0.10p and (|2.0.12|) . Applying Proposition 12. 31 to the single terms shows the claims. 

□ 

In order to relate FL(/i^_ Ot) resp. FL(/i£Ot) to GKZ-systems, we need the following lemma. 
Lemma 2.5. There is the following isomorphism in D h rh (T>y): 

FL(^Ot) FL(h + T y^) , 
w/tere J e is tfie sei IJjL ([0,efc e ~ llnW) C Q d . 
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Proof. Recall that we have h e = h o ir e with 



7r e : T — >T, 

(yo,yi,---,yd) >-» (yo,yT-. 



,y e d d )- 



(2.0.13) 



so we just have to compute tt^Ot- A simple computation shows that 

*'+°T - V T /(V T y d yo + V T ( yi d yi - 71) + • • ■ + V T (y d d yd - ld )) 

76-Te 



As above we denote by B be a <i x n integer matrix, whose columns generate 
Smith normal form, the matrix B can be written as 



□ 

Using the 



ei 



1 



B = C ■ Di ■ D 2 ■ M = C 



1 



M 



where D e Gl{d x d,Z), M G Gl(n x n, Z), B' = D± ■ D 2 ■ M and A = D 2 ■ M. 

Theorem 2.6. Let B and A be as above and let (fs : S x W — > C\ a x W be the corresponding 
Laurent polynomial. There exist a 5,6' G NA such that for every (3 G 5 + (Q+A n Z d+1 ) resp. 
/3' G 5' + (Q+A H Z d+1 ) we have the following exact sequences in M r h(T>v) ■ 







H 



d-l 



xW) 



■yEl, 



/3+(0, 7 ) 
A 



H d (S,C)®O v 



0^ 



-^'-(0,7) 



> H d (SX)®O v — >0, 
F d _i(S',C)(8)Oy — >0. 



Proof. By Proposition 12.41 the only thing which we have to show for the first sequence, is the 

t /?+(o,7)_ Notice that we have 

A 



identification of FL(h%0 T ) with eJ .M ~ 



Fh(h%0 T ) ~ FL(/ l+ T y( '^) 

76-Te 



FL(/h0 t j, 5 +(°^) 

7£-fe 



by Lemma [231 and the fact that Ory^ ' 1 ^ — Ot?/ Q!+( - ' 7 - ) for every a G Z d+1 . In view of Theorem 
Q51 we need to find a 5 G NA, so that for every /3 = (A),/3) G <5 + n Z d+1 ) the set 

{j8 + (0,7) G Q d I 7 G / e } has empty intersection with sRes(A). Lemma \1 . 161 shows that there 
exists an 6% G N^4 so that (5^+M. + A)DsRes(A) = 0. But because M.+A is a cone with non-empty 
interior we surely can find an 6 G 5^ + NA so that for every j3 G S + (Q+A n Z d+1 ) the set above 
has empty intersection with sRes(A). This shows the existence of the first exact sequence. 
By Proposition 11.231 the holonomic dual of M. |L + (°' 7 ) is isomorphic to M-* < -°' 7 - )+K for all k G 
Z d+1 such that -/3 - (0,7) + k G But we have /3 + (0,7) G 6 + M.+A C K+A and 

therefore -/? - (0,7) G -R+A. Choose some p G (R+A)° n Z d+1 , then -]) - p - (0,7) G 
-p - K + A C -(M+A)°. Now set 6' := <5 + p and choose some ]}' E 6' + (Q+A n Z d+1 ). Then 



/3 := /3' - p G 5 + 
claim. 



.A n Z d+1 ) and therefore D_m1 +(0 ' 7) 



M 



-/3'-(0,7) 



This shows the 
□ 



In the case where the columns of B generate Z d , i.e. in the case B = A, we can be more precise 
with respect to the allowed parameter vector f3. 
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Theorem 2.7. Let A be an integer d xji-matrix with ZA = Z d and let ipA be the corresponding 
family Laurent polynomials. For every j3' G (M_|_A)° nZ d+1 we have the following exact sequence 
in M r h{Vv): 

— > H d (S, C) ® O v — > — > W°(vJA,tOsxw) — ► C) ® 0y — ► . (2.0.14) 

For every f3 G Z d+1 wif/i /3 ^ si?es(A) we have the following exact sequence: 

— > H d -\S,C) ® CV — ■>«°(«PA,+Os xW r) — ^ — ^ H d (S, C) ® 0y — ^0. (2.0.15) 

// m addition NA is saturated, the set {/3 G Z d+1 | /3 ^ si?es(A} is precisely NA. 

Proof. First notice that in the case B = B' = A we have /i e = /i. By Proposition 12 .41 we have to 
show FL(h + T ) ^ At| for every /3 G Z d+1 with /3 £ siJes(A). But this follows from Theorem 
[TTSl and the fact that C T ~ Of for every a G Z d+1 . 

If is saturated we have NA C Z d+1 \ si?es(A) by Lemma ITTT71 Now let [3 G and 
/3' G Z d+1 \s#es(A), then 

A<J ~ FL{h+0 T ) M p ~ . 

Using the classification of Theorem 11.211 above, we see that F a ((3') = F a (j3) G N for all facets of 
Q+A. But this shows /?' G NA 

For the first exact sequence choose some a — (ao, a) G 5^ + C~ (cf. Lemma n.l6|l . By the proof 
of the first part we get the following exact sequence 

— > H d -\S, C) g> Oy — > H°(^a,+Csxw) — > M| — > C) ® 0y — > (2.0.16) 

By Proposition 1 1 . 231 the holonomic dual of ,M~ is isomorphic to .M~ Q+K for all k G Z d+1 with 
—a + k G — (R + A)° n Z d+1 . The first exact sequence follows now from dualizing (|2.0.16|) . 

□ 

If the semigroup NA is saturated and NA = Z d we can compute the morphism between the 
GauB-Manin system H°((f+Osxw) and the GKZ system M. ~ as well as the kernel and cokernel. 
We will first deduce the description of the GauB-Manin system by relative differential forms. 
This description is well-known to the experts but the author could not find a suitable reference. 
To compute / H°(ip + Osxw) we factor the map ip into a closed embedding 

l:SxW — > S xV, 

n 

(y, K)^(y, F(y, A) , A) = (y, - £ A^ , A) 

i=l 

and the projection p : S x V — > V . The image of i is the smooth hypersurface T given by 
7 := Ao + Eti Aitf* = 0. 

The direct image Br\sxv '•= i+OsxW is isomorphic to Dsxv/I, where the ideal / is given by 

/ n n ^ 

1= hsxv(d Xz - f*d Xo )i=i,..., n + V Sx v{d yk -y^^auXiy^dx^k^...^ + XW(Ao+£ Xitf*) 

\ 1 = 1 4=1 j 
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Thus we can identify Br\sxv with Osxw[d\ ] which has the following action of T>sxV- 
dx, (9 ® d[„) = (d Xi g) ® d[ - g(d Xz F) g d 1 ^ 1 = (d Xi g) ® d[ + g ■ ® c^ 1 , 

n 

^ (3 ® 9ij = (d Vk g) ® 9i o - 5 - (9„ fc F) ® c^ 1 = (d, fcff ) ® 9 Ao + ff-y* ^ a*^) ® , 

i=l 

n 

i=i 

Vk(g®d l Xo ) = y k g®d{ . 
The direct image under the projection p:SxF — > V is equal to 

P+®r\sxv - Rp*V s + x d v/v (B r \ SxV ) ~ (ft' +<i ® 0s Sr|Sxv) ■ 

As the map p is affine, this is equal to ®o s Sr|5 X y)i where the differential on the last 

complex is given by 

d 

d(uj ® Q) = duj ® Q + dyk A oj ® d Vk Q . 
k=i 

If we use the isomorphism £>r|Sxv — Osxw[9\ ], the latter complex becomes isomorphic to 
P^sVw/wi^o] witn differential given by 

d(w ® d l Xo ) = du; ® <9 Ao - rf yJ F Awgi^j 1 . 

Thus the Gaufi-Manin system %°(y> + 0,sxw) is given by 

P^Sxff/iyl^q] (9 17) 

(d-d Ao ^A)p*fi^/vrK,] 

with the following XV-action: 

d Xi (oj ®d[ o ) = (d Xi u) ® Sl o - ^(9 Ai F) ® c^ 1 = (S^w) ® d[ + oj-y^® d l + x , (2.0.18) 

n 

X (oj ® 9 A J = w • F ® d Ao - / ■ u ® S^ 1 = w • (- ]T A^) ® 3 Ao - i • u ® c^; 1 , (2.0.19) 
A ?; (w®9 Ao ) = A.;W®<9 Ao 
for u G xW/W r. 

If we use the element wo := A ... A as a global section for the (locally) free sheaf ^g x w/w 
of rank one, we get an isomorphism 



n\ v+ Osxw) -p* C 



Osxw[d\ ] 



{{Vkd Vk ~ y k dy k Fdx )(O S xw[d\ }))k=i,...,d 



UlQ 



Proposition 2.8. 

1. Up to multiplication with a non-zero constant the map ip is given by 



i=l 



where m = Y^i=i 



m. 
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2. The image of "0 in M. ~ is equal to the submodule generated by d\ , . . . , d\ m . 

3. The kernel V"" 1 of if) : H°(^>+Os xw) — ^ M ~ is spanned by n flat sections given by 

n l 

/] flfciAjj/ 5 * • uiq for k = l,...,n. 

i=l 

Proof. 

In the course of the proof we will use the modules of global sections instead of the 2?-modules 
themselves. 

First, we prove that tp(u>o) ^ 0. As ip is not equal zero and Z?y-linear (in particular Oy- 
linear), there is an element b — Yi7=i V mi '- ilj Jo ® df^ with m, G Z for i = 1, . . . , n such that 
i){b) ^ 0. Recall that we have <9£° • flf =1 d% ■ w = H^lP'^Uo ® df o for n = Yn=o n i and 
Uj E N. Let I = {ii, . . . ,i r } = {i \ mi < 0}, I c := {1, . . . 71} \ I and set mj := J2iei(~ TO 0- 
We have V'dlie/- V^-'^o ® ^+ m/+fc ) = 9^ ]X e j d^ rn ^(b) for every & > 0. Notice that 
^dlie/c y mi ~ iUJ o ® <9^j~" i/+fe ) 7^ because for every j 6 {0, . . . , n} the element d\ j acts bi- 
jectively on M- 1 '® (cf. Theorem [TTT5J3)). Set fc = max{0, X)ie/ c m.j — s — m/} = max{0, m — s). 
The element n ie/ c y m *^w ®^+" i7+fc can be written as P-w for P = d s x ~ m+k U l£lc 6 V v . 
We conclude that =^ %p(P ■ u>o) = P ■ tp(u>o), which shows tp(uJo) ^ 0. 

The element luq satisfies the following relations: 

n 

(A 5a + ^2 Xidxi) 

n 

for / = deg(D/J. This shows the existence of a morphism Af- 1 '- — > r(V, ~H Q {f+Osxw)) which 
sends 1 to ojq. If we concatenate this morphism with the morphism 

tP:T(V,H (<p+0 SoXW )) -^M°~-, 

we get a non-zero morphism M~ — > Now the only non-zero Dy-linear morphism (up 

to a constant) from M-3 '- to M~- is right multiplication with d\ (cf. Proposition 11.241 ). But 
this shows that the image of wo in M~~ is d\ (after a possible multiplication with a non-zero 
constant). 

From the discussion above we get now for some general b = YVi=i y mi ~ iuJ o 65 d^ o the following 
identities 

Because left multiplication with respect to all d\ j is bijective in M~- (cf. Theorem II .15f 3)). this 
gives 

n 

#)^rll 9 r^o)- 

i=l 



• w = -w , 



• wo 



w 



^ a fci Aiy-*wo ® <9a = J/fcd^ • w = , 



( 11 - n .'0 

\i:li<0 i:h>0 / 



w ® d[ = 
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This shows the first point. 



In particular d\ 1 , d\ n is in the image of the map r(V,H (^+O S xw)) — > M~' u . We conclude 

that the submodule of M~- which is generated by d\ , . . . , d\ n lies in the image. Notice that 1 
does not lie in the image because otherwise the map would be surjective. But this shows that the 
image is in fact equal to the submodulc generated by d\ , . . . , d\ n as the cokerncl H d (S, C) <g> Oy 
has no Oy-torsion. This shows the second point. 

Consider the elements 



fk '■= a k i\^Lo Q for k = l, 



i=l 



Their image in M~ '® is equal to X)"=i a kiXid\ i which in turn is equal to 0. Thus the fk lie in 



the kernel of ip. It remains to show that they are flat: 



d\ ■ ^2 a k iXiy-'UJo = ^ a kiKy-'^o ® d\ = y k d Vk • w = , 

i=l i=l 
n / n \ 

0\, • ^ a ki Xiy-'UJo = a k iy~ l uJo + a ^i]t % J ® 5a o = 2/fe 5 y fc • y-'w = . 

i=l \i=l / 

This shows the third point. □ 



Remark 2.9. Notice that the first formula in Proposition \2.& might involve negative powers 
ofdxj. By Theorem \ 1.1 51 3. this is well-defined, i.e. the element d x n ~ s+1 d x n _ L 1 . . . <9™" is the 
unique element P € M~~ so that for k = max{0, m — s + 1} we have gk-m+s-i jQ .^^ d^ mi ■ P = 
d\ Tiiei" ^T - Computing this element P in general seems to be difficult. Consider the GKZ 



system M~'° with 



A 



1 1 1 

1-1 



A straightforward computation shows that the element in M~ is equal to (Aq — 4AiA2)9a + 
Ao • One can see in this example that the expression involves the discriminant of the associated 
family of Laurent polynomials (A = (1, —1)).' 

if A : C* x C 2 — > C Ao x C 2 , 
(y, Ai, A 2 ) i ^ (-X iy - A 2 -, Ai, A 2 ) . (2.0.20) 

y 



3 Hypergeometric systems and Mixed Hodge Modules 

In this section we show that we can endow a GKZ hypergeometric system with integer parameter 
with a structure of a mixed Hodge module in the sens of |Sai90] . First we show that the exact 
sequences in Theorem 12.61 and 12.71 are actually exact sequences in the category of mixed Hodge 
modules. 



With regard to these theorems this might be expected as the other three terms of the exact 
sequences carry a natural structure of a mixed Hodge module (the two outer terms are actually 
(constant) variations of mixed Hodge structures). However we can not conclude directly that 
the (direct sum of) GKZ systems carry a mixed Hodge module structure because the category 
of mixed Hodge modules is not stable by extension. 
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Notice that the various functors 7i,Ti cs t,TZ° c ^ are just a concatenation of (proper) direct image 
functors and (exceptional) inverse image functors, which means they are also defined in the de- 
rived category of (algebraic) mixed Hodge modules. 

Proposition 3.1. Let B, A, 6 and 8' be as in Theorem Wlk For every f3 G 8 + (Q + An Z d+1 ) 
resp. j3' G 8' + (Q+A n Z d+1 ) we have the following exact sequences in MHM(V): 

0^n n+1 (H d -\S, C) ® Q$)->H d + a (tp B ,.Qsxw) -> x| +(0,7) -> H n+1 (H d (S, C) ® q£) -> , 
O^H" n " 1 (f/ d (S,C)®DQ^)^07W^'-(°^^H"^ n (^ S jDQf xW )^-H" Tl " 1 ( J ff d -i(S,C)®DQ^)^O. 

Proof. Recall that we derived the first exact sequence of Theorem 12.61 by taking the long exact 
cohomology sequence of the second triangle in (|2.0.8[) : 

H d -\S, C) <g> Oy ft°(<£B, + eW) 7£/e A^^ +( °- 7) ff d (S, C) ® Oy 

W-H^tCff+Os)) H°(K(9iOs)) «°(^0?+Os)) H (^ cst (4Os)) 

where we used Proposition [231 1., 2. for the first, second and fourth isomorphism. For the third 
isomorphism we used the following isomorphisms 

a4 +(0 < 7) ~ FL(h%0 T ) ~ ^(ff^Os) , 

7GJ e 

To show that the lower sequence is a sequence of mixed Hodge modules we replace the D-module 
Os with the mixed Hodge module Qg := a* s Qp t and apply the corresponding functors in the 
(derived) category of mixed Hodge modules. Notice that there is a subtle point. In Saito's 
theory lies in degree dimX and for / : X — > Y the functors /*,/' correspond to the functors 
/ + [— dimX + dimY] resp. /^[dimX — dimY] on the level of X'-modules. If we translate the 
proofs above into the category of mixed Hodge modules and take these shifts into account we get 

H n+1 (H d - 1 (S, C) ® Qv) H d+n (<p B ,Mxw) >■ e 7e / c -^| +(0 ' 7) >■ U n+1 (H d (S,C) ® Qv) 

H d+n (*n ca t(g e M)) H d+n (*K(g*M)) ^H d+n+1 CTZ° c (g e M)) H d+n+1 Cll cat (glQ%)) 

The lower sequence is an exact sequence of mixed Hodge modules by construction. If we 
induce the mixed Hodge module structure of H d+n+1 (*K°(gtQ% )) on ® jeh M^ +( - '^ the upper 
sequence becomes a sequence of mixed Hodge modules, too. The statement for the second 
sequence follows if we dualize the two sequences above: 

H-^iHdiS, C)®BQ£) — >- © 7S/e M'/'^ — »■ H- d - n (<p B <msxw) ^ H- n -\H d -i(S, C)®BQ£) 

w- d -"- 1 ( , 7e cst ( ff , e DQf)) - H- d - n -yir c (gfms )) ■*■ n- d - n (-TZ( 9 rm§ )) H- d - n ( [ n cst (gmq§)), 

where we have used that W (a s *a* s Q^ t ) ~ H j (S,C) and W {as<a- s Q^ t ) ~ H-j(S,C) as an 
isomorphism of mixed Hodge structures. □ 
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Proposition 3.2. Let A be an integer dxn-matrix with "LA = 7L d . For every 0' G (R+^4)°nZ d+1 
we have the following exact sequence in MHM{V): 

-> H~ n ~ 1 (H d (S, C)(g)DQy ) -> X/' -> H- d -"(^ B j©Qf xW ) -> H-"- 1 (i/ (; -i(5,C)®Q^) -> 0. 
For every G Z d+1 with ^ si?es(A) we have the following exact sequence: 

-> H n+1 (H d - x (S,C) — > ft d +"(^,*Qf xW ) — > A<| — ► U n+1 {H d (S,<C) ® Qy) -+0. 

Proof. The proof of this proposition is parallel to the proof of ProDOsition l3.il One just has to 
use Theorem 12.71 instead of Theorem 12.61 □ 

Up to now we could only handle the case = (0q, 0) with 0q G Z. Let A be a d x n matrix 
with upper row (1, . . . , 1) and let the parameter vector £ sRes(A) resp. —0 G (R+A)° n Q d . 
We will need the following lemma. 

Lemma 3.3. Let i\ : {1} x W — > V = C x W be the canonical inclusion. Then 

i+Mf'n*M p A . 

where A is given by (jO.O.ll) . 

Proof. First notice that the restriction to {1} x W is non-characteristic due to Lemma 11.251 (1). 
thus we have 

n °(+Mf^)^itMf' 0) . 

Recall the definition of the generators of the GKZ system from definition 1 1.1 21 Because the first 
row of A is equal to (1, . . . , 1) all operators D/gL where L is the lattice of relations of the matrix 
A are independent of d\ ■ Notice also that all Euler vector fields except Eq are independent of 
Xod\ . Working with the D-module of global sections instead the actual ©-module, the inverse 
image can be written as 

As a D\y module this is isomorphic to 

c[x 1 ,...,x n ](d Xo ,...,d x j/i 

where the ideal / is generated by the Euler fields E±, ... , Ed, the box operators D/gL and the 
operator 

n 
i=l 

But this module is isomorphic to M A , which shows the claim. □ 

Lemma 3.4. The GKZ system M ' A is isomorphic to a direct summand of a mixed Hodge module 
if G Q d and if any of the following conditions are satisfied: 

1. <£ sRes(A), 

2. j9e -{R+A)° DQ d . 

Proof. Assume that ^ sRes(A). Then by Lemma 11.191 there exists a 0q G Z such that 
= (0o,0) £ sRes(A). Let $ be a fundamental domain for sRes(A), i.e. by Lemma fl. 181 we can 
find a/3' = (0' o , 0') lying in £ so that m\ ~ M^~. Let 0' = 0" + (O, «) with 0" = (#,', 0") G Z d+1 

and k G [0, l) d n Q d . If K = we have M A ~ if-M ~ ~ ifM^ , the latter underlying a mixed 

Hodge module by Proposition 13.21 Thus we assume k / and let e = (ex, ... , e<j) G N d such 
that ei ■ Ki G N for all i G {1, By Proposition 13.11 we have induced a mixed Hodge 
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respect to i\ induces a mixed 
= P" + K G U 7e/e P" + 7 and 



Now let P e-{R+A)° n Q d . There exists an /3 G Z such that p = (Po,P) G -{R+A)° n Q rf+1 . 
Write p = p' - (0, k) for /3' G Z d+1 and « G [0, l) d n Q d . As above if « = 0, then M A is 
isomorphic to the underlying P-modulc of a mixed Hodge module. So assume that k / and 
let e = (ei, . . . , e d ) G N d such that e, • m G N for all i G {1, . . . , d}. 

Let /3" = (/%',/3") G 6' + (Q+ln Z d+1 ). By Proposition O the ©-module 76/e A4~^"~ (0 ' 7) 
underlies a mixed Hodge module. The inverse image with respect to i\ induces a mixed Hodge 

module structure on ® 1(iIii M~/'~ 1 . We have M A ~ ifM^ ~ i+7W^"" (0 ' K) ~ M~/'~ K , 
where the second isomorphism follows from Lemma Tl. 201 (1). □ 

We arc finally able to proof the main results of this section. Let A' be a d x n integer matrix 
with columns a' l5 . . . , gf n so that there exists a linear function h : Z d — > Z satisfying /i(a£) = 1 for 
all i. A GKZ system corresponding to this matrix is called homogeneous. Schulze and Walther 
have shown in jSW08| that a GKZ system is regular holonomic if and only if it is homogeneous. 

Theorem 3.5. The homogeneous GKZ system Ai A , carries a mixed Hodge module structure if 
P' G Z d and if one of the following conditions are satisfied 

1. P' i sRes(A'), 

2. P' G ~(R+A')° nz d . 

Proof. Let / : Z d — > Z d be an isomorphism, L be the corresponding invertible integer matrix and 
l c ■ C d -> C d its C-linear extension. First notice that for p := l(p') and A := L ■ A' the GKZ 
systems A4 A , and M A are isomorphic. Furthermore we have lc(sRes(A')) = sRes(A) because 
we have l{deg(S A <)) = deg(S A ) and l(-(R + A')° D Z d ) = -(R+A)° n Z d . It is easy to see but 
tedious to write down that for any A' there exists an / resp. L such that L ■ A' is a d x n 
matrix with first row equal to (1, . . . , 1). But for the corresponding GKZ system M? A the proof 
of Lemma 13.41 shows that it carries a mixed Hodge module structure. □ 

Theorem 3.6. The homogeneous GKZ system Ai A , has quasi-unipotent monodromy if P' G Q d 
and if one of the following conditions are satisfied 

1. P 1 i sRes(A), 

2. P' G -(R + A')° r\Q d . 

Proof. As in the proof of Theorem 13.51 we can reduce to the case where the matrix A' of the 
GKZ system has (1, . . . , 1) as its first row. Lemma I3T41 shows then that A4 A , is isomorphic to a 
direct summand of a mixed Hodge module J\f. There exists a stratification S = {Si} such that 
the restriction to Si \ Si+i is a smooth mixed Hodge module, i.e. it is a polarizable variation of 
mixed Hodge structures. Now it follows from standard Hodge theory that the underlying local 
system of this restriction has (local) quasi-unipotent monodromy in the sense of [Kas8I|. But 
M. A i is a direct summand of Dmod(Af) from which follows that DR(A4 A ,) is a direct summand 
in rat(Af) (8 C. But this shows the claim. □ 



module structure on ® 7g/ + (°' 7 ). The inverse image with 
Hodge module structure on © 7G/e M ~ +7 . Because we have P' 
M A ~ ifM^ ~ itM ~ ~ M A ' this shows the first point. 
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